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a b s t r a c t
The Laplacian spread s(G) of a graph G is defined to be the difference between the largest
eigenvalue and the second-smallest eigenvalue of the Laplacian matrix of G. Several upper
bounds of Laplacian spread and corresponding extremal graphs are obtained in this paper.
Particularly, if G is a connected graph with n(≥ 5) vertices and m(n − 1 ≤ m ≤ n + 1)
edges, then s(G) ≤ n − 1 with equality if and only if G is obtained from K1,n−1 by adding
m− n+ 1 edges.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
All graphs considered here are of order n and size m. Let G be a graph. The distance between vertices u and v of G is
denoted by dG(u, v). The diameter d(G) is the maximum distance between any two vertices of G. When G is disconnected,
we define d(G) = ∞. Denote by V (G) and E(G) the vertex set and edge set of G, respectively. Denote by NG(v) the set of
vertices adjacent to a vertex v and dG(v) = |NG(v)| the degree of v.
Let A(G) be the adjacency matrix of a graph G and D(G) be the diagonal matrix of vertex degrees. The matrix L(G) =
D(G) − A(G) is called the Laplacian matrix of G. Note that Laplacian matrix is a singular positive semidefinite matrix. The
eigenvalues of L(G) can be arranged asµ1(G) ≥ µ2(G) ≥ · · · ≥ µn−1(G) ≥ µn(G) = 0, whereµ1(G) andµn−1(G) are called
Laplacian spectral radius and algebraic connectivity of G, respectively. It is known that [1] n − µn−1(G) ≥ n − µn−2(G) ≥
· · · ≥ n− µ1(G) ≥ µn(Gc) = 0 are the eigenvalues of L(Gc), where Gc is the complement graph of G.
The Laplacian spread of a graph G is defined to be µ1(G)− µn−1(G). Clearly,
µ1(G)− µn−1(G) = µ1(G)+ µ1(Gc)− n = n− [µn−1(G)+ µn−1(Gc)] = µ1(Gc)− µn−1(Gc).
In [2], Fan et al. obtained the unique tree withmaximal Laplacian spread. Then Bao et al. [3] determined the unique unicyclic
graph with maximal Laplacian spread. This paper focuses on general graphs. Several upper bounds of Laplacian spread
and corresponding extremal graphs are given, by which the unique tree, unicyclic graph and bicyclic graph with maximal
Laplacian spread are simultaneously determined.
2. Upper bounds of Laplacian spread
Lemma 2.1 ([4]). Let G be a graph of order n ≥ 2. Then µ1(G) ≤ n, with equality if and only if d(Gc) = ∞.
Theorem 2.2. If d(G) = ∞, thenµ1(G)−µn−1(G) ≤ n− 1with equality if and only if G ∼= K1 ∪H, namely the disjoint union
of an isolated vertex and a graph H on n− 1 vertices with d(Hc) = ∞.
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Proof. Since d(G) = ∞, by Lemma 2.1, µ1(Gc) = n and hence µn−1(G) = n− µ1(Gc) = 0. Now let G1,G2, . . . ,Gs (s ≥ 2)
be the components of G. Then
µ1(G) = max
1≤i≤s
µ1(Gi) ≤ max
1≤i≤s
|V (Gi)| ≤ n− 1.
According to Lemma 2.1, µ1(G) = n − 1 if and only if G ∼= K1 ∪ H , where µ1(H) = |V (H)| = n − 1. This implies that
d(Hc) = ∞. 
If d(G) = 1,G ∼= Kn. Clearly, µ1(Kn)− µn−1(Kn) = n− n = 0.
Lemma 2.3 ([5]). Let G be a non-empty graph with vertex set {v1, v2, . . . , vn}. Then
µ1(G) ≤ max
vivj∈E(G)
{dG(vi)+ dG(vj)− |NG(vi) ∩ NG(vj)|}.
Let G1,G2, . . . ,Gs (s ≥ 2) be a sequence of pairwise disjoint graphs. Denote by G1∇G2∇ · · · ∇Gs the graph obtained from
G1,G2, . . . ,Gs by adding all edges uv with u ∈ V (Gi) and v ∈ V (Gi+1)(i = 1, 2, . . . , s− 1). Particularly, we call G1∇G2 the
join of G1 and G2.
Theorem 2.4. If d(G) = 2, then µ1(G)− µn−1(G) ≤ n− 1 with equality if and only if G ∼= K1∇H, where H is a disconnected
graph on n− 1 vertices.
Proof. If d(Gc) = ∞, then by Theorem 2.2, µ1(G)− µn−1(G) = µ1(Gc)− µn−1(Gc) ≤ n− 1. Moreover, the equality holds
if and only if Gc ∼= K1 ∪ H∗, where |V (H∗)| = n − 1 and d(H∗c) = ∞. This implies that µ1(G) − µn−1(G) = n − 1 if and
only if G ∼= K1∇H , where |V (H)| = n− 1 and d(H) = ∞.
Now assume that Gc is connected. By Lemma 2.3, we have
µ1(Gc) ≤ max
vivj∈E(Gc )
{dGc (vi)+ dGc (vj)− |NGc (vi) ∩ NGc (vj)|} = max
vivj∈E(Gc )
{|NGc (vi) ∪ NGc (vj)|}.
Since d(G) = 2, each pair of non-adjacent vertices vi, vj of G have common neighbors, that is, |NG(vi) ∩ NG(vj)| ≥ 1. This
implies that each pair of adjacent vertices vi, vj of Gc have |NGc (vi) ∪ NGc (vj)| ≤ n− 1. Therefore, µ1(Gc) ≤ n− 1. Besides,
since Gc is connected, by Lemma 2.1, µ1(G) < n. Thus µ1(G)− µn−1(G) = µ1(G)+ µ1(Gc)− n < n− 1. 
Theorem 2.4 implies that µ1(G)− µn−1(G) < n− 1 if d(G) = 2 and Gc is connected.
Theorem 2.5. If G is connected and d(G) ≥ 4, then µ1(G)− µn−1(G) < n− d+ 3− 4nd .
Proof. It is known that [6]µn−1(G) ≥ 4nd for any connected graphGwith diameter d(G) ≥ 1. Alsowe haveµ1(G) < n−d+3
(see [7]). Thus the inequality holds. 
Lemma 2.6 ([7]). If d(G) = 3, thenµ1(G) ≤ µ1(K1∇K⌈ n−22 ⌉∇K⌊ n−22 ⌋∇K1), with equality if and only if G ∼= K1∇G1∇G2∇K1 for
two disjoint graphs G1,G2 with |V (G1)| = ⌈ n−22 ⌉ and |V (G2)| = ⌊ n−22 ⌋.
Theorem 2.7. If d(G) = 3, then µ1(G) − µn−1(G) ≤ n − 16
n+4+
√
(n+4)2−32
with equality if and only if G ∼= P4, namely a path
of order4.
Proof. Denote by Sa,b the graph obtained from K2 by attaching a pendant edges to a vertex and b pendant edges to the other.
That is, Sa,b ∼= aK1∇K1∇K1∇bK1.
Claim 1. For any positive integers a, b with a+ b = n− 2, µn−1(Sa,b) ≥ 8
n+4+
√
(n+4)2−32
, with equality if and only if a = b.
In fact, by direct calculation, det(µIn − L(Sa,b)) = µ(µ− 1)n−4f (ab, µ), where f (ab, µ) = µ3 − (n+ 2)µ2 + (2n+ 1+
ab)µ − n. Let µ∗(ab) be the minimum real root of f (ab, µ). Note that f (ab, 1) = ab > 0 and f is a polynomial of degree
3 on µ, thus µ∗(ab) < 1 and hence µn−1(Sa,b) = µ∗(ab). Now assume that a ≠ b, then ab < (n−2)24 . Note that f (ab, µ) is
increasing with ab. Thus f ( (n−2)
2
4 , µ
∗(ab)) > f (ab, µ∗(ab)) = 0. Similar as above, µ∗( (n−2)24 ) < µ∗(ab). Furthermore,
f

(n− 2)2
4
, µ

=

µ− n
2

µ2 − n+ 4
2
µ+ 2

.
Thus µ∗( (n−2)
2
4 ) = µn−1(S n−22 , n−22 ) =
8
n+4+
√
(n+4)2−32
and the claim holds.
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Now observe that Sa,b is the complement graph of K1∇Ka∇Kb∇K1. Thus by Lemma 2.6 and Claim 1, for any graph Gwith
d(G) = 3,
µ1(G) ≤ µ1(K1∇K n−2
2
∇K n−2
2
∇K1) = n− µn−1(S n−2
2

,

n−2
2
) ≤ n− 8
n+ 4+(n+ 4)2 − 32
with equalities if and only if G ∼= K1∇G1∇G2∇K1 and |V (G1)| = |V (G2)| = n−22 .
Since d(G) = 3, we know that 2 ≤ d(Gc) ≤ 3. If d(Gc) = 2, by Theorem 2.4, µ1(G)− µn−1(G) = µ1(Gc)− µn−1(Gc) <
n− 1. Now let d(Gc) = 3. By the inequality above,
µ1(Gc) ≤ n− 8
n+ 4+(n+ 4)2 − 32 , (1)
with equality if and only if Gc ∼= K1∇G3∇G4∇K1 and |V (G3)| = |V (G4)| = n−22 . Thus
µ1(G)− µn−1(G) = µ1(G)+ µ1(Gc)− n ≤ n− 16
n+ 4+(n+ 4)2 − 32 .
Since (K1∇G1∇G2∇K1)c ∼= Gc1∇K1∇K1∇Gc2, the equality holds if and only if G ∼= P4. 
3. Some classes of graphs with diameter 3
Lemma 3.1. Let G be a connected graph with maximum degree∆. For a vertex v of G, let mG(v) = Σu∈NG(v)dG(u)/dG(v). Then
(i) [8] µ1(G) ≤ max{dG(v)+mG(v)|v ∈ V (G)}.
(ii) [9] µ1(G) ≥ ∆+ 1, with equality if and only if ∆ = n− 1.
Lemma 3.2 ([10]). Let S = {v1, v2, . . . , vs}(s ≥ 2) be a vertex subset of a connected graph G such that NG(v1) = NG(v2) =
· · · = NG(vs). Let G∗ be the graph obtained from G by adding any t(0 ≤ t ≤ s(s−1)2 ) edges among the vertices in S. Then
µ1(G∗) = µ1(G).
A connected graph G is said to be unicyclic ifm = n and bicyclic ifm = n+ 1.
Lemma 3.3. (i) [11] Among all unicyclic graphs on n vertices with diameter 3, K1∇2K1∇K1∇(n− 4)K1 is the unique graph with
maximal Laplacian spectral radius.
(ii) [12] Among all bicyclic graphs on n(≥ 7) vertices with ∆ < n − 1, K1∇3K1∇K1∇(n − 5)K1 is the unique graph with
maximal Laplacian spectral radius.
Theorem 3.4. If G ∼= G1∇G2∇G3∇G4 for disjoint graphs Gi with∑1≤i≤4 |V (Gi)| = n, then µ1(G)− µn−1(G) < n− 1.
Proof. Note that Gc ∼= Gc3∇Gc1∇Gc4∇Gc2. For convenience, let |V (Gi)| = ni,H1 ∼= n1K1∇n2K1∇n3K1∇n4K1 and H2 ∼=
n3K1∇n1K1∇n4K1∇n2K1. Then by Lemma 3.2,µ1(G)+µ1(Gc) = µ1(H1)+µ1(H2). Let ui be a vertex of Gi (1 ≤ i ≤ 4). Then
dH1(u1)+mH1(u1) = n2 + (n1 + n3) ≤ n− 1,
dH1(u2)+mH1(u2) = n1 + n3 +
n1n2 + n3(n2 + n4)
n1 + n3 = n−
n1n4
n1 + n3 ,
dH1(u3)+mH1(u3) = n2 + n4 +
n3n4 + n2(n1 + n3)
n2 + n4 = n−
n1n4
n2 + n4 ,
dH1(u4)+mH1(u4) = n3 + (n2 + n4) ≤ n− 1.
Similarly, we have
dH2(u3)+mH2(u3) ≤ n− 1, dH2(u1)+mH2(u1) = n−
n2n3
n3 + n4 ,
dH2(u4)+mH2(u4) = n−
n2n3
n1 + n2 , dH2(u2)+mH2(u2) ≤ n− 1.
If G ∼= P4, then by Theorem 2.7, µ1(P4)− µn−1(P4) < 3. Now let G  P4. Note that x+ y > 1 for any x ∈ {1, n1n4n1+n3 ,
n1n4
n2+n4 }
and y ∈ {1, n2n3n3+n4 ,
n2n3
n1+n2 }, by Lemma 3.1, we have
µ1(H1)+ µ1(H2) ≤ max
1≤i≤4
{dH1(ui)+mH1(ui)} + max1≤i≤4{dH2(ui)+mH2(ui)} < 2n− 1.
And hence µ1(G)− µn−1(G) = µ1(G)+ µ1(Gc)− n < n− 1. 
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Theorem 3.5. Let a, b be positive integers with a ≤ b and a + b = n − 2. If d(G) = 3 and µ1(G) ≤ µ1(K1∇aK1∇K1∇bK1),
then µ1(G)− µn−1(G) < n− 1.
Proof. For convenience, denote by Ha the graph K1∇aK1∇K1∇bK1.
Claim 2. For positive integers a, b with a ≤ b and a+ b = n− 2, µ1(Ha) ≤ n+
√
n2−4n+8
2 , with equality if and only if a = b.
Let X be an eigenvector of L(Ha) corresponding to µ1(Ha). Clearly, both X |V (aK1) and X |V (bK1) are constant vectors. Let xa
(resp. xb) be the component of X corresponding to vertices in V (aK1) (resp. V (bK1)). Let x1 (resp. x2) be the component of X
corresponding to the vertex of degree a (resp. a+ b). Since L(Ha)X = µ1(Ha)X , we have
(µ1(Ha)− a)x1 = −axa, (µ1(Ha)− 2)xa = −x1 − x2,
(µ1(Ha)− a− b)x2 = −axa − bxb, (µ1(Ha)− 1)xb = −x2.
By above equalities and simplifying, we conclude that µ1(Ha) is the maximum real root of the following equation.
g(a, µ) , µ(µ− 2)(µ− n+ 1)− a(µ2 − nµ+ n) = 0.
By Lemma 3.1, µ1(Ha) > ∆ + 1 = n − 1 for any a. Now assume that µ > n − 1. Then µ2 − nµ + n > 0 and hence
g(a, µ) is decreasing with a. Moreover, for any a and µ > n − 1, g(a, µ) is increasing with µ, since g ′(a, µ) > 0. Thus for
all µ ≥ µ1(H n−2
2
) and a < n−22 ≤ b,
g(a, µ) ≥ g

a, µ1

H n−2
2

> g

n− 2
2
, µ1

H n−2
2

= 0.
This implies that µ1(Ha) < µ1(H n−2
2
) for a < n−22 ≤ b. Furthermore,
g

n− 2
2
, µ

=

µ− n
2

(µ2 − nµ+ n− 2).
Thus µ1(H n−2
2
) = n+
√
n2−4n+8
2 and the claim holds.
Since d(G) = 3, we know that 2 ≤ d(Gc) ≤ 3. If d(Gc) = 2, by Theorem 2.4, µ1(G)− µn−1(G) = µ1(Gc)− µn−1(Gc) <
n− 1. Now assume that d(Gc) = 3. By (1) and Claim 2,
µ1(G)− µn−1(G) = µ1(G)+ µ1(Gc)− n ≤ µ1(Ha)− 8
n+ 4+(n+ 4)2 − 32 < n− 1. 
Remark 3.6. Note that a ≤ b is an important condition of Theorem 3.5. However, for (n, a, b) = (5, 2, 1) and (n, a, b) =
(7, 3, 2), direct calculations show that
µ1(Ha)− 8
n+ 4+(n+ 4)2 − 32 < n− 1.
This implies that Theorem 3.5 also holds for these two trivial cases.
Theorem 3.7. If d(G) = 3 and n− 1 ≤ m ≤ n+ 1, then µ1(G)− µn−1(G) < n− 1.
Proof. (i) m = n − 1. Now G is a tree. Note that any tree with diameter 3 is isomorphic to aK1∇K1∇K1∇bK1 for some pair
of positive integers a, b. According to Theorem 3.4, µ1(G)− µn−1(G) < n− 1.
(ii) m = n. Then G is a unicyclic graph. Since d(G) = 3, by Lemma 3.3, µ1(G) ≤ µ1(K1∇2K1∇K1∇(n − 4)K1). Thus by
Theorem 3.5, if n ≥ 6,µ1(G)−µn−1(G) < n−1. Now it remains the case n = 5. By Remark 3.6, we also have the inequality.
(iii) m = n + 1. Then G is a bicyclic graph. Since d(G) = 3, ∆ < n − 1. By Lemma 3.3, if n ≥ 7, then µ1(G) ≤
µ1(K1∇3K1∇K1∇(n − 5)K1). Thus by Theorem 3.5 and Remark 3.6, µ1(G) − µn−1(G) < n − 1 for n ≥ 7. If n = 5, then
G ∼= K1∇K2∇K1∇K1. Thus by Theorem 3.4, the inequality holds. Now it remains the case n = 6. There are twelve bicyclic
graphs on 6 vertices with diameter 3 (see Fig. 1).
By Theorem 3.4, µ1(Bi) − µn−1(Bi) < n − 1 for 2 ≤ i ≤ 7. And by Matlab, we can find µ1(Bi) − µn−1(Bi) < n − 1 for
other Bi. 
Theorems 2.4, 2.5 and 3.7 imply the following result, which simultaneously determines the unique tree, unicyclic graph
and bicyclic graph with maximal Laplacian spread.
Theorem 3.8. Let G be a connected graph on n (n ≥ 5) vertices andm(n−1 ≤ m ≤ n+1) edges. Thenµ1(G)−µn−1(G) ≤ n−1,
with equality if and only if G is obtained from K1∇(n− 1)K1 by adding m− n+ 1 edges.
M. Zhai et al. / Applied Mathematics Letters 24 (2011) 2097–2101 2101
Fig. 1. Bicyclic graphs on 6 vertices with diameter 3.
Theorems 3.4, 3.5 and 3.7 give some classes of graphs with diameter 3 and Laplacian spread less than n − 1. Since
Theorems 2.2, 2.4 and 2.5 show that µ1(G) − µn−1(G) ≤ n − 1 as long as d(G) ≠ 3, we may present a conjecture as
follows.
Conjecture 3.9. For any graph G, µ1(G)− µn−1(G) ≤ n− 1, with equality if and only if G or Gc is isomorphic to the join of an
isolated vertex and a disconnected graph on n− 1 vertices.
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